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Abstract

‘J’lIis  ]Japcr  prcIsc]Its  a si]n])]c  o]l-li Ilc a])]) IoaclI for II IOtiOII coIIt Iol of Iilobjlc  K)lIOtS
coII)pIiscd  of a IIIa IIi I)ulatc)I aIIII  II ICJUIILN1 011 a ~I]c)bjle base. ‘J’lte })Ic)])oscfl  a])]~IoaclI  is
equally a})])licable to IIc)ll-llolc)llc)lilic  IIlobile Iohots SUCII as rover-]llc)ulltd ]nalli])ulators
alIcl to hololiolnic  ll~c)bilc rolmts suclt as tracked robots c)r coIII])ou IId Illalii])ulators.  ]1’or
wJIIcIelcd  Inol)ilc rc)bots,  tile II{)li-llolc)llolllic haso  ccnlstraillts are illcorj)c)ratd d i r e c t l y
into tllc task forlnulatiojl as killcl[latic c.olistraillts.  ‘1’lIc configuration colitrol  ap])roac]t
is utilized  to exploit tllc IdLIIIdallcy  i]ltrc)duccd  by tllc hasc  Inol)ility  ill order to ~wrforln
a set of user-  s]wc.ificd adc]itiollal  tasks during; tllc cJId-efltIctor  Inotio]l,  wllilc  satisfy illp;
t]IcI IIoll-holollolnic  base  collstlaillts ( i f  a])plicab]c).  ‘J’llis fralrlcwork  allows  ti le usc~r to
assig]l weig;]lti]lg  factors to i]ldiviclua] base aIId arl)l collfigulatioll ])araloeters,  as w’e]l as

to caclI task s]mcificatio]l. ‘1’lte co]ll])utatic]]lal  cfliciellcy  of tile ])rc)l)osd  co]ltm]  SCl IQIIIC
makes  it ~mrtic.ular]y su i t ab le  for rc’al-tilnc  illl})le]]]cllt  atio]l. ‘1’wo si]nulatioIl  studies
arc discussed to Clc]nollstrate  tlIc  a]l}dicatio]l  of the lnotio]]  cc) IItrol schcIIIe to a Iover-
II1ou  IItcd aIIII  (~lo]l-llolo]lo]]]ic. systc]rl)  allcl h a tracked Iohot (holoncmjc.  systc]n). AII
ex])mi]ne]ltal  study is also ])rmelitcd  C)II ]notioll  co]ltrol  of a  Robo t i c s  Rcsea  IclI arln
IIIOUIIted  C)II a trackd ]nobilc  platforlll at J]’],.
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1{01)0(  IIlallil)ulators  lIIoulIted OII lnol)ilc l)latforllls  \vill I)c u t i l i z e d  illcrcasil)gly ill l)otlI  tel-

rcstria] and sl)acc al)l)licatiolls. l“or illstallce, NASA is  IJlallllill$,  to IISC  a tracked coIIIl)ou  IId
IIlallil)lilator aIVII  for  tile Sl)ace Station l“rdoIII,  allc 1 t o  utilize IIlallil)ulator  arllls IIIOUIItd
OIJ IIlic]c-rovers for h4ars exl)]oratioll, III IIlol)ilc  rolmts, tllc l)asc Illol)ility il)crcases tllc size
o f  tllc rol.)ot.  worksl)acc sul~stal)tial]y, aIId eIIal)lrs l)roljcr })ositiollillf, o f  tlIc II)allil)l[lator  for
cfliciml{j task cxecutioll. ‘J’yj)ical cxaIIlplcs of IIlol)ilc  rolmts  are tracked rolmts, gantry  rol)ots,
col I1])oulld l’ol)ots,  and Wllwlc(]  ro})ots.

III ]Ccc.llt years, pat]l l)lalllli])g and l))otioll control  of lnol)ilc robots IIavc  I)ccll  active areas
o f  rcsearcll [SW, e .g . , 1 - 1 3 ] .  WIIclI  tllc l)as(: ]Ilo})ility  is  l)rovidcd  by a track, a ~alltry, ()]

allotll(,l robot ,  tllc kil]mnatics  of tlIc base l)latjfonl) l)as  }/olo?/o?/lic  consirninfs Silllilar to tllc
l<illclllaticsc)ftllc IIlallil)ulalm] itself; thus tllc l.)asc call cfldivdy be t r ea t ed  a s  add i t i ona l

r(~volut,cor  }) Iis)i)aticjoi Ilts of tllc ltlalli~)ulator. (111 tllcc)tllclllall(l, }vllcclc(l  lllc)l)il(: l)latfolllls
iiw subjcc.tj  to Iloll-illtcp;tal)lc killclllatic c.ollstrailit,s, k]]ow]l  a s  notl-l~olo?lo?rtic  co)~.si)([i)lis.
SLIClI  col}strail)t,s arc p;cIIcrally  mud Ly olIcoI s e v e r a l  lc)llill?,colltacts htwccqi rigid I)odics,

alId  wflcct t,l Ic f ac t  t,llat tllc wrl Idcd l)latforlll lIIust II Iovc ill tllc dircc~ioll of  i ts  Inaill a x i s
of Sylllllh’y. A  mvm is  a  tyl)ic.al  llol~-l}[)lc)llc)lllic IIlmllallical systcvllo It cal] attain ally
l)ositiol) ill t,])c ~)lallc of II)ot,iol)  wit]!  ally oriclltatjioll; I]C]ICC tl)c mllfig,uratioll s})acc i s  tl]wc-

dill)(:]lsiollal, IIowcvcr, tllc velocity of IIlotiol)  lr]ust always satisfy a IIc)ll-}lolc)l)oll)ic  collstraillt;
lllus tllc sl)acc of aclli(wal)lc velocities is two clill)cllsic)])al.

111 recCIIt  ymrs,  tllmc IIas LcmlI a g,row’illg illtmcst il] tllc analysis  and control  of l)otll 11010
IIoll)ic  and IIo]l-llolol)[)lllic  IIlol)ilc  robots, (;arrikcr, K}losla,  al)cl Kro,ql] [ ] - 2 ]  forll]ulate tllc

coordination  of lllobility a~ld lt-lallil)lllatic)l)  as a llo~llillear ol)tilni~,atioll I) M)l)IcI]].  A g,cllcral

cos t  fullctiol) for })oillt-to-})oi]lt  ]notioll ill Ca r t e s i an  sl)ac.c is d(:filld  and is lnillili)izd usil)g
a  silllulatccl allllcalillg; lllctliod. l’i]l  all(l  Culio]i [ 3 - 4 ]  ddiIIc a wciglltd IIllllti-clit(lia c o s t

function  wllicll i s  tlICII  optil)lizcd  usillr; NmvtoI1’s  alg;oritl)ll). IIootslilalls slid l)ulmvsky [5]
( 1 c v c 1 o } )  a]) cxtc~ldc(l Jacobial]  tra]ls})osc co]ltrol Il)ctllod to coll)~)cllsatc for dyllalllic iljtcrac-

liolls l)(:tw’cell tllc lnalli})ulatc)r allcl tllc l.)asc. Smaji [6] desc.ril)cs  a sill)l)lc oll-lillc IIlctlllod  f o r

IIlotioll” cx)lltrol  of IIolol]ol])ic  IIlobilc robots .  IFor IIoll-llolo]loll>ic” lnol)i]e robots ,  l)at}l l)lallllillg,
al](l IIlotioll coIItml IIavc  a t t r ac t ed  collsidcral)lc  rcsc:arc.11  ill r[:ccllt years [7-1 3]. 111 a  c l a s s i c

l)al)m [7], IIarraquallc] an(l  l,atolllhc derive tll(:  ]Ic)ll-llolc)llo]l)ic  r o v e r constrai]lt and discuss

ol)til]lal IIlal)cuvmillg of llloLilc rol~ots.  Yalllal]]oto and YUJI [8-9] a(]drcss  c o o r d i n a t i o n  o f  lo-
coll)otiol) and II)al)il)lllatic)l]  allcl solve t,llc l) IOLICII1 of followill?;  a lnovillp;  surface.  Wall:; and

l{ulllar [ 1 0 - 1 1 ]  a s s o c i a t e  colil~)lial]cc  fuI]ctiolls  to the IIlot.)ilc II)allil)ulator  joints and iltl})lc-
II ICIIt rate clccc)lIll)ositic)Il  using screw tllcwry, IJiu allcl IJmvis [12-13]  dcvclo})  a dcccl]tralizcd

dust col)trollcr  for t r a j ec to ry  trac.kil)g of t}lc IIlobilc IIlal}il)ulator  c}ld-c!fl”cctor.

III tl)is l)alwr, tllc configuration  control  IIlctllodology  dcvclol)cd ear l ier  [14-  I  5] for rc-
(llllldal)t r o b o t  colitrc)]  i s  u t i l i zed  for lnotioll  control  of I)otll  IIololloll)ic allcl Ilc)ll-liolollolllic
Illol.)ilc rol)ots. ‘1’lIc ~loll-llc)lc)llolI~ic  killcvllatic. c.onstrai~]ts  fol wlleclcd r o b o t s  f i t  ])aturally ill

tllc configuration  cx)lltrol  forlllulatioll. ‘J’llc IIoll-llolc)llc)lllic”  kil)cll]atic cmlstraillt, tllc dcsird



(*!I(l-(,fl”(Jct(jI  lIIotiolI, aIId tlIc I]s(’1-s])(’cifi(’(l  r({lulI(lalIcy rcsolllt io]] ?,oals  are co]]] l)i]ld to forl]]
a S(’t, of allgll)(vltd  tasks. ‘1’llcsc tasks arc tl]cv]  acco]l)])lisllcd using,  tlIe coIIfiF;[IIatioII  coIItrol

al)IJIwIclI  to (I(imllillc tllc II)otioll  o f  cac]] II]ol)ilily al)(l ]I]alli])ulatio]] (lcF;l(~r-c)f-flccclc)lll.
‘]lll(! ])a])(’r  is Stl’uctul’cd  as follows. 11) ScctiolI 2, IIlotioll control  o f  IIc)ll-llololic)l[lic”  IIlol)il(

rol)ots i s  forllllllatcd al)d  sol~’cd usi]]F, tlIc co]lfiguratioll co]ltrol fi])])roacl I, aIId a silllulatioll
study of a I()\~cI-III  c) I] IItccl aIIII is l)rmcl)td for illustratioII, h’or llolo]]oI]lic  ]Ilol)ilc  rol)ots,

tlIc II IotioII  COl ItlrOl scl IcIIIe is discussd  ill %ctiol)  3, al)d  i s  i l l u s t r a t e d  l)y al)l)licatiol) to a

tl’a(”kd robot . Section 4  l)rcs(:IIts  aII cx})crilll(v]tal stlldy o f  t}Ic l)ro~)osd  lnotioIl c.olltro]
SC1]C]]IC  aj)l)lid to a  l{obotics  lim(:arcl) ar~ll ll]oul)td o~] a track a{ J]’],, Scwtiol]  5 discusses

tlIc msu]ts o f  tllc })al)cr and draws SOIIIC collclusiolls.

2 Motion Cc)nt,rol  of’ Mobile ILobots with Non-l lo]onomic
13ase Constraint)s

III lllis sccticnll we Cnlsi(lcr a II)ol)ilc  rol.)ot  col])prise(l of a lnalli~)ulahr  arll~ IIIOUIItd  0 1 1  a

lnol)ilc Last  wit])  a IIoll-liolol)olllic cx)llstraillt. ‘1’lIc  IIlOSt) col II IIlolI cxaIIl})lc  of suclI  SyStCIII  is

a  lc)\~el-lIIolllItccl  IIlallil)ulator  tha t  wi l l  l)c stllldicd ill d(:tjai] ill tlllis smtic)li.

WC first (IcwcIOI)  a sil])l)lc  killcll)atic 1]10(1(:1  that rq)r(:sm]ts tl)c lovcl-~)l~ls-lllallil) lllat,or sys-
te]]l, .311d tllcll (lcscril)c i IJloi,iol)  cc)]ltrol  SCIJUI)IC for this systmn. \Vc l)rc)})osc a fully i?t(c{g)(~icd

kill(:lllatic rc})rc.sclltatioll and IIlotiol)  co]]trol SCIICIIIC  for  tllc rove] a~ld tl]c ~naIlil)ulat,or, ratllm
tlIal I trcat)illg tllc rover  a]ld  1,11(:  l]lalli})lllatol as two sc])aratc clltitics. IPrc)]]l  tl)is view’})oill(,
tllc illtcp,ratcd systc]n  is co]nl)oscd of two c losely iIltcractiI)F; subsystc]i]s  wit]]  difl’crcl]t ki)l(’-

IIlatic alld dyl)al]lic clialactclistics. ‘1’llc r o v e r  sul~systcIII,  I)(:illg a \vllcclcxl  vdliclc, is sul)jcct
to IIc)ll-llc)lc)llc)l)lic collstraillts; wllcrcas for  t})c II}allil)ulator  sul)systc]]l, tllc constraints arc

IIolol)olnic.
‘IIIIC killmnatics c)f tllc r o v e r  a]ld  tllc Illallil)ulator suhsyshns  arc studid ill Scctiolls 2 . 1

and 2,2?, followd  by tllc nlotio]l COllt]ol scllcl]le ill %ctio~l 2 . 3 .

2.1 Non-holonomic  ]tcnw]’ Subsys{)mm

Collsidcr  a f]ollt-wllccl-cl  live four-wllcc]  mv(’~. ‘J1lIC  rover is rq)rcsclltc(l by  a tmc)-clill)cllsic)Ilal

rectangular ol>jcd  trallslatillF; aI)d rotatill F; ill tlIc l)laIIc  o f  lllotioIl , as illustrated ill ]“igure

1. ljct I“(*f,  yf) clmlotc tl]c ll-li(ll)oiIlt  bctw’cel l  tllc two front  w’l ids  and li(zr, y, ) rcl)rescllt
tlIc II]id]millt ktwcml tllc two mar WIICCIS  of tllc r o v e r ,  wlIcrc tllc cwordillatcs arc cx])rcssd

wit])  Ics})cc.t  to tllc fixed world fralllc { W }  w i t h  a x e s  (O*, Oy) SIIOWII  ill l“ig;urc  1, ‘1’l]c  rover
c.ollfig,~llatic)ll  i s  l)aralnctcrizccl  by tllc 3  x  1  v e c t o r  j) = [x~, yf, ~~]~’, WIIWC # dCIIOtCS  tllc

oriclltatiol] of tllc IIlaill  axis of tllc mvcr m]ativc to tlIc 2-axis  of LIIC world fral Ilc.

Assu]nil]g a  pum rollillg;  ccnitact MWCCII tl)c rover WIICCIS  all(i  t h e  grouIIcL i . e . ,  1 1 0
slil)l)il)gj  tl)c vcloc.ity o f  l)oillt 1/ i s  a l w a y s  alollF; tl]e IIlaill  a x i s  o f  tllc rover. IIm)cc, wc
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W]lcrc

1{ and

‘1’]Ic Cooldi]tatcs of t,lIc rear l)oiIIt, /{(:r,  , y,) al)d  tlIc froI;t” l)oillt, l“(?j, ~j ) arc rclatd

Tf , T, -1 l’c’os ~) ; yj : yl -1 /sill + (3)

1  dcllotjcs t,lIc distallcc l.Jctw’ecII 1/ aIId 1“, i,{., tllc I’OVC1’ lmlF;tll. ‘JIIIIIS,  tlIc vc]ocitics of
F am datd by

Wllcrc  j) = [i”j,  jj, $i]! l;quatio])  (6) m])lcscIIts a llatuIal coIlstrai I]t that II)ust  hc s a t i s f i e d
l)y tlIc velocity  vcc.to] ~, [’7].  I t  i s  sccII tlIat,  at aIIy cwllfigulatioll (zj, yj, ~~), tlIc sl)acc o f
v(h]o~it,i~s (~j, ~f, {~) a~]licl~al)]~ I)y t]lc IOVCH. i s  rcst,lict,cd tc) a  tJwc)-clilIlcIisicJllal  sul)s])acc ill

v i e w  o f  tlIc c.ollstraillt (6). ‘J’l]is  il))l)lics  tl]at tlIc vc]ocity vcctol ~; is col II I)lcLcly dctcllllilld
by tlIc col]figuratio]]  vcctoI p aIId,  s a y ,  i~ and ~j. N o t i c e  that tlIc acllicvat)le co~lfif,uratiol]
sl)acc (zj,y~, #)) of t,l Ic rover is tl]~cc-clilrlcllsiol)al, i.e. , is coIII})]ctcly  ullmstrictd.  Not,c  that

cquatio Il (6)  is a s]wc.ial  follll of tlic Ilc)ll-l)c)l[)llc)lllic. collstrail It

G’(p)j : 0 (7)

W’ltcm  G is aII m x n Inahix  aIld  ~J is tlIc 71 x 1 vector of gcllcraliyrd  coodillatcs  of tile systQIII.
A  killunatic constraint of tlw for]]] (7) is calld ]Ic)li-llolc)llolllic  if it is Ilo~l-illtcg,Ial)lc;  i.e., ~
CaTI IIot, Lc clil I]i Ilatd alId  tlIc col)stlail)t (7) call IIot IN rcw~ritt,cl] ill tcrllls o f  q alol Ic ill tlIc

fOIIII  }](q) : 0 .  otlicnvisc,  tllc collstlaillt i s  mllcd lloloIlol])ic.
N o w ,  tlIc coIItIol valiablcs o f  tllc Iovm am tlIc vc]ocit,y  v o f  t}lc fmllt WIICCIS  and t,llc

St,cclillg allg]c ~ l)ctwccIII tlIc frol~t  w]lcc]s  slid t,l Ic lnaill axis o f  tllc rover. CI’l]ercfolcj tllc

ve]ocity va r i ab l e s  am mlatd to tlIc Cwlltml varial)les Ly
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2.2 1 lolonomic  Mani])ulatmr Subsystwn

‘rC :. . Tj -1 /] Cos(o]  -1 fj) -{ 12 C.(N(O] -1 02 + $f))

Yf ‘ y~ -i J] sill(fll  -1 {~) -1 12 sill(Ol -1 02 - 1  {,) (11)

l“roIII cquatiol)  (11) ,  tllc Cartesian vc]ocity of tllc clld-cflcctor  ill {W}  i s  rclatccl to tl]c ratc-

of-cl  ]allgc of tlIc configuration  valialjlm as

(13)
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wllcrc J7(q)  : [C;(p);O], togetl)er wit])  tllc IIololloll]i( lnal)il)ulator collstrail)t,

J,,, (q)(j ~ i’, (l(i)

l’; quatiolls  ( 1 5 )  and ( 1 6 )  call l~c Colt)l.)il)cd  to ol~tai]l  t,l)c dif~cmlltial killcl]latic IIlodcl  of tllc
illt~g,l”atd lol’cl-~)l~l  s-]llallil)lllatol Systclll as

[ [1Jr(q) “ . 0
J,,,(q) ~ “ ~< (17)

2 . 3  Motion Contro] of lnl,c!gratd  li.ovc~].-]Jl~ls-M  a]]i]]t]lat,or Sys-
t,c!m

III this sect, io]l,  t]ic c-ollfiguratioll coIItrol  ]nctl]odo]og,y  dcvclo]xx]  earlier [14- 15] for  IduIIcla IIt
II]?il]il}lllatc)ls  is utili~xd for  llloLioll  c.mltrol  of tllc lc)vcl-~)  llls-ll~al lil)tllatc)l sysic]l).

Collsidcr  tl]c il)tcf;ratcd lc)\’cl-l)l~ls-Il  lallil)~llatc)l systclll. ‘J’lic il]tcgratd  systclll  i s  kille-

IIlatically mdulldallt with tllc clc~;]ce-of-l  c(lllll[la]]cy T : ?1 - ?11, Wllm’ ?/ all(l  7 / /  al’{! tllc
dill)cllsiolls of g a~ld [0, ~~’]~’  ill Llic gc]lma] case ,  ms])cctivdy. IIkluatio]l  ( 1 7 )  call ~)roduce
illfillitc disii?tci  rover  al)d  II]allil)ulatol  II)otiol]s  q(t) w]licli  y i e l d  tllc sallt( clld-cfl”kctor  trajec-
tory XC(i) wllilc sat isfying tl)c llc)ll-ll(~lc)llolllic  ]ovm collstraillt,, III this l)a]wr,  wc adol)t t,lIc

Collfig;lllatioll  C(n]tml  al)pmacl) ill wllicll all al)~)ml)riatc  IIlotioll i s  cllosml  fmlll (Ilis  illfillitc
srt wllic]l  causes tllc illlq,rat,cd syste]n  t o  accoln})lis]l  all  a(ldifiolial  user- sjwcified task, ‘1’llis

additiolla] task is ])crforlncd l~y direct  coIItml of a sd of r uscI”-ddiIIcd  killmnat,ic fu]lct,io]ls

z: g(q) (1s)

wl]i]c  co]]trol]i])g;  tlIc ald-dfcctor  ]notio]], wltcrc Z and g arc T x 1 vcc.to]s.  ‘I’l Ic additiol~al
t a s k  colls~raillt (18)  call bc cxl)rcssccl ill LIIC vclocityforlll

WI IICIC Jc =- ag
3q i s  ilIc r x 7/ Jacot)iall  ~llatrix a s s o c i a t e d  with t}IC ki~lclllatic functions Z.

‘J’llis  a})l)loacl)  to Icdullda]lcy r e so lu t i on  i s  vcly gc]lc]al si]lc.ceacl] killc~jlaticfllllctic)ll z, call
lcl)lcscl)t a gcc)l]lctricvalial)lc ((’. F,., mordil]atc of a ljoillt 011 tllc systall), a l)llysical \’alial)lc
(SUCII  as a joilit gravi ty  torque) ,  0] al, abstlact ll,at,l~cl,latical fullctim, (cog., l~mjectio]] of tlIc
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$)ladictll o f  aII ol)fil])izatioli ftltictioll). IJL]III]CS]II]OI(, tlIc Ilscr  is  lIol collfi]]d to  a  fixd s(’t

o f  kil]cll]atic functions  al)d  call se lec t  difl’mv)f  ;~ dqmidillg o~l tllc task qllircl]lcllts (lll]il]~,
tlIc cxuutiol] of tllc elld-cfl”cctf)r  lrlotio]l.

011 co]]l})illi]]F, tl]c lol’c]-])ll]s-]  ]]a]li])l]latol” co]lstrai]lts  ( 1  7’) aIId t IIC Ils(]-sl,(.(ifi(cl  addi-

tiollal task collstrai]lt (1 9), \ve ol)taill

I

J,(q)
J,,,(q)
J,(q)

or, ill IIlatrix for]))

'l'lleol)till]al(  lalIllJccl-lcast-scl\ larcssc)l~ltic)  1lI)f(22)illat  1t]illil]]izcs(23)  isgivcll])y  [15]

(:)())

(2?1)
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WIIC]C h’ is all 71 x 7/ wIIstaIIt diagol]a] II IatJIiX Ivitl I mm or lmitivr diagolla] clc II IcIIts.  A’otiw

t lIat  for  t lie IIc)ll-llolcjllolllic”  mvm col]strailll, tlic al)l)ml)ria[c  clmIIcIIts o f  X  altcl  X(I a r c  sd
t o  Yew sil)cc tltc’ co])st]ai]lt is ])c)])-i])tu?;lal)l(. ‘1’IIc i]ltrodudio]]  o f  tl)c elm] colrcctiol)  tml)

li(.1’d -  X )  ill (25)  l)mvidcs a “c.lc)s((l-lc)c)~)” cllalactclistic \vlIeIcl)y  tile difl’crc]icc  lJet\vccrI

tlic dcsiml dl)d actual configuration  vectors  is usd as a driving  tCrIII i]] tlic illvclso ki]]r]]]atic
t]{l]lsfo]]])atic)]). Note t])at for task-s l~a((’ t,lajcctolies wit]]  collstal,t filial  lalum+,  ~~(f) z ( )

for i >7 wllm: 7  i s  Illc II]otioll  dulatioli, and usill~; (M) wc ol)taili ~(i) : 0 for  i >7 ; i.e., tl]c

Illalli])ulator  and mvcr (Icp,rccs-of-flccclc)lll  will ccasc l))otiO]l for  i > 7 a]~{l ally task track il)F,-

error at t : 7  wil l  Col)tillue to ex i s t  for  i > 7. IImwww, by using (?5) tllc IIlalli})ulator  and

rovcl’ (Icglces-of-fl’ccclc)lt)  colltji]luc  t o  lllove for  i > 7 until tllc dcwiml collfi:;ulafiol) vcctoI i s
rc.ac~ld, i.e., X - ) ~d as i - } cm, []5].  ‘1’]lc  value of ){ dctc]lllillcs t]lc rate  of  co] IvmgcIIcc  of

x to Xd.
‘1’llc l)rolmsccl  clall)l)c(l-least- s(Illalcs collfiguratiol] col]tml sctlclllc IJmvidcs a p,mlcral  and

Ill)ificd  fralncwork  for  IIloticul  co]ltml o f  tllc illtcglatcd lc)\’cl’-l )llls-ll~a llil)lllatc)l systmi). ‘1’llis
sc.llmtlc  allows illdclw]~dcllt wciglltillgof mvm ]novc]IicIIt  and lllalli})ulat,or )notioll,  and cllal)lcx
a wide I.allgc  of du]]clallcy  msoluiioll  g o a l s  to Ijc accolllplisllcd. Note that  IIiult,i})]c goals

(i.(:.,  7> (n -  m))  call lm ddi])ed  for dulldallcy Icsolutioll  and wwi?;lltd a})})l{)l)litltcly  Lad
011 L]IC currc]]t,  task rcx]ujrc]l]c])ts.

IA u s  ]IOW revisit tllc two-joilltd IIlallil)ulatol arlll It]oullt,cd  oll tl]c rove]  a s  illustlatcd

ill h’igum  1 .  ‘1’l)is illtegratd systclll  IIas tllc clcF,lc(:-of-lcclllllcltilicy  7 = 7/ -  ?n = l?, and tllcrc-

forc t w o  cc)llfi?,~llatic) ll-clc})cllclcl}t kilwll~atic fullctiolis 2. I (q)  and 2z(q)  call h slmifid and
co]ltmllcd  ill[lcl)c~llclcl)tl}~ o f  tllc cvl(l-cflmlmr  lnotiol] and tllc IIc)ll-llc)lollc)lllic rover collstraillt.
1/0] tl]is systclll, wc cl]oosc tlllc rove] oriclltatioll @ d a t i v e  t o  tllc world frall]c and tl]c ~l)a-
IIi})ulah)l c]how’ allglc ~~ I.)ctwccll  tllc ul)lm-al Ii) aIId  fomarlll as t)l IC additiolla] task valial)lcs.

II CII(Y!
2]((/) = q’)

or, ill vclocitly  fcmn

[

0 0
0 0

W]ICK ~ : [ij,-jj,/ J,~l, i2]7’,  and J)d

mslwctively.  (1]) co]nl>illil)g  tllc mvm
s])ccificatiol)s (?7), we obtai]l

1 22((/) = $) = 180 - 02 (Xi)

(2.7)

and ~~~ arc tllc dcsid r a t e - o f - v a l i a t i o l l  of ~) and ~~,
l~llls-lll/~l]il)lllatc)l  II1OCICI  (17) wit,]l tllc additional task

1 0 0
J. 23 J24 J25
J:,s J34 J:+:,
1 0 0
0 0 -1

W I  ICI”C J23  : J24 : - 11 sill 010- 12 sill 01 2 0; J~i:+ : J:+4 : 11 cm (IIO -I  12 ccm 01X3;  .125 = -  12 siIl 0120;

—



c(]uatioIIs  i]] t]](! five  UIIk  IIOWI}  e]ml)(’]ltsof j t]}at CaII })c so]\ ’(d llSi Ii/, t]]e  (]a]]]])(’(]  -](’ast-scl  []:if’es

(OIIfigurat  iol] co]lt  101 dl)l)r(mc)] dcsclil)cd  eallicl i]] t IIis st’ctioll. II) directio)l calcll]atioll, tllc

drtell]lillallt  of tlIc 5 x 5 auglnelltcd Jacol)iali  IIlatrix al)})carirlg  OII tlIc lef t - l IaIId sid( of (2S)
is fo~ll]d to I)c

[Ict[<l]  : /] Coso] -1 12 [0s(01  -1 02) = i, (y))

‘l’llc’lcfol$c)  J is IIoll-sillgulal  alttl (?8) Call I)e solved e x a c t l y  I)lol’idcd tha t  i, + () ;  i .e . ,  tlIc
cllcl-efl’ector  l’; d o t s  IIot- lic OII tllc I“ij axis  of  tllc vcl)ic]c frall]e {1~}.

Now, su})l)mc  t h a t  t,lIc IovcI lCIIgtlI i s  1  = ‘20c.lt)  all(l  tile link lmIgtlIs are /1 = 12: IOCIII.

l,ct tlIe illitid configuration  of  tlIc lc)l’c:l-~)llls-l) )al)i])[llatol systcIIl I)c givcm I)y

q’ ~ {rj = 3oc)n, yj : 15c)il,  f#): 0 ° , 0 ]  = - 75’’,02 = 150”}

‘1’llis yic]ds tlIC itlitial t a sk  vector

‘1’l]is  c.oIreslK)IIds  t o  a  rapic]  mld-cffkc.tol II]otic)li  o f  {( ATC)2  -I  (Ayc)2}~  = 42.4cIIi  ill OIIC
SCCOIIC1.  Notice tl]at,  t,}lc t,argd c~]d-cfl’cctol”  ~)ositioll  i s  ?~oi attaillal)lc without,  rove] IIlotioli.

‘1’ask-s})acc  IIlot,iol] t rajectories am slmcifid as

(30)

wllcm (Ti, x~)  am t,lic i])itial a])d final values and 7 i s  tllc duration  o f  Illotio]l. Silllilal tla-

jdoli~s al’~ s})~(ifid fol” ~~(t),  C#)d(t), all{] ~~d(t). ‘J’]l~s~  tl’aj~dol’i~s ])]”odll~~ a  st]”ai~,]lt-]i]l(!

Cl]d-cflcctor ]noticn]  i]) Caltesiall sl)ac.c fm]n (Q::, y:) to (x{, yj). NToticc that tllc t a r g e t  dlmw
allglc @ = 9 0 °  g i v e s  ]I]axilllul]l c]lcl-cfl”cctor  ll)alli~)lllaljilitjy at tllc final collfiguratio~].

A  co]nl)utm  s i m u l a t i o n  study is I) CrfOIIIINl  to c.alculatc tile rcxluird  co)lfir,ut-atioll  vali-
al)lm q(i) : {*f(i),  yj(f,  ), qt(t), 01(i), 02(t)} to accoll]l)lisll tllc tasks o f  clld-cflcctor  Illotioll,
and {j and @ col]t, rol, wlli]c satisfyi]lg  tllc IIoll-llolollc)lllic  rovcl collstraillt. 11] tllc sill]-
ulatioll, we. set 7 = l,Af = (l.O1, W  : di(~g{], 1 , 1 , 1 ,  1 } ,  Wv : diag{(),O,(),O,O},  a]ld
K  : diag{O, 0 . 1 , 0 . 1 , 0 ,  0}, ‘1’lIc  siI1lulatioll rmlllts arc sliowl)  ill l“igums 3a-3d.  ‘1’llc l)atll

travcmcd l)y tllc cllcl-dcctor  1’; is sliow]] ill 1~’iF;urc  3 a . It is  semi that tllc cli&cfl&tol IIIOWS
0 1 1  a s t r a igh t  Iilm fmn (x~)y~)  to (X{, y{)} as spcxifid. l“ip,urc  31J vmifics t h a t  tllc rove]
orimtatiol] + and Lllc cll~ow aliglc + cllallp,c  fml]l tllcir initial va]ucs t o  tlIc sl)ccificd final

v a l u e s  ill ol)c  sccol)d, as  dcsild. ‘1’lIc  ~)atl} tlavmsd t.)y tl]c rovm frc)llt IIlicl-l)oil]t  l“ al]d  tl]e
valiatiolls c)f tl~c ann joillt aliglcs 01 and 0 2  am dcl)i~td ill l~igulcs 3c and 3 d . ‘J lIIC!  l’o\’cI”

lioll-l]c)lolloll~ic”  c.c)l)straillt  fullctiol) f = ij sill @ -  if sill @ -1 ~d i s  co]nl)utd  and i s  foul)d  to
lw qua] t o  zmo tl]lougl]outj tllc IIlc)tioli;  i.e., tllc rover col]stlaillt is satisfid. N o t e  tl]at tlIc
rcquiml  rovcl  v e l o c i t y  v and stccrillr, a]lglc -f call be coll)l)lltd fm]~l  quatioll ( 9 ) .



! ,

3 Motion Chn{lro] of M  c?bi]c lbbdls wit)}] 11 olc)nc)mic
1 lase Cc)nstlraintfs

‘1’]Ic II IOl)j]C lol.)ot,s collsidclcd ill t}lis  sectiol] co]lsist of a ml)ot II)anil)ulator  lJtou IItcd  0]) a

II)ol)ilc  l)asc wit])  a IIololloll]ic  collstraillt,. Altl)oup,l]  tlic ])llysical al)lNaIaIIcc of SIICII  ]])ol)ilc
robots arc coIII])letcly diffcmlt, tlleil ull(lcrlyillg killc]natics l)rillci~)lcs  call be forlllulatd ill

a silllilal II)allller. 1“01 tl)csc IIlol)ilte mlmts, tl)c killclllatic collstrailits o f  tllc I)asc  l)latforl)l

call Lc cx~jlmscd ill tcrl]]s of hasc l)osilioll alol)e, .Silt)ilal to tllc lr)allil)~]lator ki]lcll]atics itself.

III this case, tile I)asc  call cflectivc]y h t r e a t e d  a s  additiollal rmdutc or l)rislllatic joillts o f

tl]e IIlallil)ulator. ‘1’wo collllllo]l cxaTJI})lcs  of this class ale a robot  rIloulItd  0]] a track and

a col]]])oul]d  lnalli~)ulator  wl]em o]lc  arlll olmratm flolll tl~c clld o f  allotll~r a]l]). 14’0].  tl)is
c l a s s  o f  IIlobilc robots, tlic overall l)laIliJ)ulator allll-J)llls-lllc)l~ilc  hasc systml] call be vimd

as a col]llmsiic of two sul M3ystc II Is: tllc IIlallil)ulator  arll] w i t h  n,, (leglct’s-c)f-f lc.(*(1~)111,  and

tllc ]I]ol)i]c  l)asc wit]i n~ (lc:~,lccs-{)f-f  ]ec(lc)]]], ‘1’lIc  !/O clc/;Icc~s-c)f-l ]]aI]i])lllatic)]l arc oftcl] o f
tlIc rcvolute  joint, ty])c:, ‘1’lIc 71L (lcgrccs-c)f-ll]c~l)ility  call bc tmatd as l)rislllatic joil]ts  ill tl]c

case of  a t r acked  robot or as revo]utc joints i}] tllc case of a collll)oulld lnallil)ulatol.  1 ,ct us

dcfillc a fixd w o r l d  frali]c of rcfcrcllcc { M’} il( tlIC rol.)ot  works~)ac.c ,  a IIlovilig, base fralllc

{IJ}  attac]]cd to tlIc ll)a*lipulato* Las t , and a nlovillp;  CIIcl-eflNtoI fra?nc {1’;} attacllcd to tl~c
IIlallil)lllator  clld-efl’ccl,or. ‘1’lIc  CIId-CflCCtOI$  fral]lc {1;}  i s  rclatd t o  tllc hasc fraI]le {/1} l)y

tlic 4x4  lIol IIog;el Icous  tlallsfollll:ttic)ll II]atrix Y~/(OO),  wllicll is tl]c l)roduc(,  of tlic all]] joint -
tojoil]t trallsforl)ls. ‘J’l]c tra]lsforlIlatio]l” that, re]atcs tllc l)asc fralllc {1]} to tllc w o r l d  fralllc
{11}  is  dcl,otd  l)y Y’#(0~),  al,d is  ol,tai*,ed by  ]llulti~,lyil)g tl]e b a s e  i,)tcrjoir)t tra]]sforli)s.
‘~ll IUS, tllc clld-dfcc.tor  fra]]]c {1/}  is rclatd to tl,c world fra*,w  {W} I.,y tl,c 4x4 l,oIIq,cIIcous

‘( 11’ ; ])
.7:; (O*): .. . . . . . . . . .

)

(31)

000/1

WII[’rc  1/ = {r~j} is tlIc 3 x 3  clld-dfcctor mtal, io]l lt]atrix al)d ~) = [1:, y, 2]2’ is tltc c]]d-cf?’ccto]
])ositio]l vec to r ,  hot}] w i th  rcs])c:ct  to tl]c world fral]lc {  W},  ()]1[:  coII]ItIcm  tlll(’c-~)alalr)ctcl

lc})lcscllttttic)ll of tllc clld-dfcctor cniclltatiol] i s  tllc Cquivalm)t a]lglc-axis ~1+ = [k,., l’U, 1S2]7’
wllic]l  CaII  Lc cxtractcd r e a d i l y  fmln tlic mt,atioll IIlatlix I\, [16]. ‘J’hmfm!,  tllc 7)7(< 6)

(:]1(1-cffwtor  l)cmitioll  al)d oriclltatio]l coodillatm  t o  IN colltmlld call Iw ohtaillcd fmlll (31)

and rcpl’mlltcd by tllc 7)1X  1 Vector

1’ ‘ .f(oa, ob) (32)

Equatio]]  ( 3 2 )  dcscrilms tllc f o r w a r d  ki]lc]]latic II Iodcl tliat d a t e s  tllc a]ln and b a s e  joint

cooldil]atm  { O .  ,  OL} to Lllc cl]d-cffccto] Cartesian coordillatm Y ill t]IC f i x e d  world fralllc

{ W } .  ‘1’llc diffmmltial killcxllatic In:)(]:]  tl]at relates tllc mid-cfl’cct,c)r Caltcsiall ve loc i ty  ~ to
t]]~ al’]]) a]ld  l)as(!  joi])t v~]o(iti~s {Oa,ob]  is ~,i\TeIl  by

1 0



(33)

[100
a])d (jltc l.msc, rcs}xctivcly],  O :

o~
is (lIc ?/xl vec tor  o f  II)ohility tr]ld IIlal)il)ulatioll joil]ts,

and ?t : ?10 -1 ?/b. ‘1’llis fonllulati;)ll l)l~ts tl]c ?2b lnol)ility  a]ld  {Il)c 7/ * IIlal]i])ulatiol) dq2; lccs-of -
fl’(dolll 0]1 t}l(!  sa)ll~ f~otillg,,  a]ld  (l’(!{Its b~t}l OQ and Ob (’{]lla]ly  \$’i{]lill  a (’()] 1)]1]()]1 f]~]]](’}tro]’]i,

ltquatio]ls (32?) al~d ( 3 3 )  dcscril.w tl)c kiliclllatics of a coln])ositjc  r o b o t i c  systcIII \vitll ?I joint
[leg;lccs-c)f-flcc[lolIl  o~matillg ill all ?ll-clili)ellsic)llal  Caltcsial] t a s k  s})acc.

IWolw discussi]lg  coodillatcd col)td d l]lol.)ility  and lllal]i})~llatic)ll,  let  us illvcstip;atc tllc
dlcct o f  Lase lnol~ility 0]1 tl]c clld-cfl’cc.tor  IIlallil)lllal)ility i)ldcx ill tllc co]IITtlo]I case WIJCIC

tllc total joi]lt,  (Icglccs-c)f-flccclolll  n  Muds tl)c clld-cfldol task dill)cl)sio~l  7n.  W}ICII tlIc

Last is stationary, tllc CIId-dl’mtoI  II]alli])ulal)ility i]ldcx dLIe to tl]c a]]])  joints {On} is dcfillcd

as [18]

//.(0)  : {&!t[J(,(o  )J:’(o)]}l/2 (34)

Note that ill ally IIoll-sil]gular  a]]]) coI)fiF,lllatic)ll,  Jo(0) J~’(O) is a sy]]llllctric  l)c)siti~c-(lcfillitc
IIlatr.ix  wlIosc  detcrlllillallt is a ~msitivc function  o f  {O.}.  ?Yow, WlICII I)asc  IIlot)ility is il)tr[)-

dud, tllc el]d-cffcdor  Jacohia~l lnatlix clla~lp,cs  fro]l] J. to Jc : [Jc~Jb),  and tl}c mld-cflk,cto]
II)alli])lllal)ility illdcx dLIC to lmtull arlll dIId I)asc  joints { O }  : {Oa, OL} is ol)tailld a s

//,(0)  = {&i[J,(0)J  j’(0) ]}1/2

: {MIJO(0)J:’(O)  -I  Jb(0)Jj’(0)]}1/2 (35)

]11 t]lc A])]m)dix,  ii is S] IOWII  t]]at

p,(o) = p.(o) -{ 0(0) (36)

wllclw  0(0) is a positim ful]ctioll of O. l(;quatiol] (36) illl})lim  t,llal, t]lc Last IIlol)ility a l w a y s

rnhanccs  tllw cI)d-cfI’cctor  ll)alli})lllal~ility illdcx. ‘1’his is cxl)cxtcxl  ill v i e w  o f  t)lc fact that
tllc b a s e  clcg,]ccs-of-flccclo~ll  colltriljutc to  tllc m]d-cflectol  IIlotioll a]lcl tllmcby illcrcasc tllc

(Lartcsial] IIlol.)ility  of tl)c cnld-cflcctor.  At singular all]) co~lfig,~llatic)lls,  J~ (0) is ra~lk-ddicicllt
al)d  //.(0) =  0. AS  SI]C)WII  i]] t]]c Al)~ml]dix,  ill t h i s  c a s e  //C(0) ~ //.(0); tl]at,  i s  tllc b a s e
Illobility  call in g,cnmal  i l l c . m a s t  tl)c clld-cf[cc.h lllal]i})lllal~ility illdcx, l]owcvcr ill ccrtail]

l]]] ])racticc, ,JO allc] Jb arc ccHIII)utcd usi])g t]tc v e c t o r  crossprcduct forll)u]a duc to \$’]litllcy  [ 1 0 ] .

11



cases //, (0) is also qua] to 7,(w, \YC (olIcl(ldc tl)at ill gel)rlal, tl)c cll(l-cfl’ector l]lallil)lllal)ilitj

index is  illcr(~asd  l)y 111(I l)rcsc]lcc of I)asc  IIlol)ility.

],et us I]OW’  co]lsidcr t]lc cmdillatd colltro] o f  tl]c collj})ositc allr)-l)]us-l~asc systc]l].  ‘J’]I(’

Collll)ositc sysic]]) i s  ki~lmjlatica]]j’ dulldallt  W’it]l  t]lc (](>F,lec)-(  Jf-lcc]llll(]allcy ?’ = n - ?//. l(’o-

lo~villg; tlIc collfigulatioll  col]tlo] al)l)loacll outlillcd ill %ctioll 2..3, tllc ]Wlul)(la]lcy  i s  lltili7,ed
so that tllc lnobi]c robot satisfies a set, of ?’ killcll)at,ic collstraillt,s

2,(0) = 2’~~(i) i: 1,...,1’ (3’7)

wllilccxccutil]g tl}c dcsiml c]}(l-cfl’ccto]  IIlotim], WI]CIC ~i(0)  is a u s e r - d c f i ] ] d  killmllatic funct-
ion of tllclllc)l~ilcloljot configuration  O, and z.~~(f) is tlltllscl-sl)ccificcl (Iesilcclt illlct’aliatic)ll

O f  2,. l’kluatiol] (3?) Call l)C Wl”itt Cll i~l t)l(’ vc]oci{y  fol’111

()[i’(i) J O (0) ;

)( )

Jb(0) Ua

i(i) ‘ ““” ““” ‘“” ““’
: J(0)O

J,(O) bb
(39)

Wl)[’1’r  J,(o) : ?J i s  tlIc 7. x ?L Jacobian  II]atl’ix  associatd wii,l) tile killcll]atic fllllct,iolls Z,

al]d  J(0) is tile n x n aug;lnelltecl Jacobian II]atrix. ‘1’llis forll)ulatioll  ]Juts tllc rcdu]IdaIIcy

r(wc)lutjio]]  goal 011  tlIc salncfooti]lg as tllccllcl-dicctol. task, a~ld t r ea t s  hotll  Y and Z equally
ill a mII)It IOII fonllat. N o w ,  to fi]lcl tile base IIlovclrlcllt al]d  all]] IIlot,ioll t,llat lr]cct tllc cq]d -

dl”ec.tm  s}mcificatiol] Y ( O )  = )~(i) and tllc killc~llatic constraints Z(O)  u Zd(t), wc IIW:CI i,o
so]vc  t,llc auglllclltcd diflcrclltial killc]llatic.cclllat,iol) (39) for  d, givm] yd(i) a]td  ~~(i), A s  i])

Scctio]) 2,3, to avoid large joint vc]ocitics, tl]c usm call illl~msc  tlic ve loc i ty  ~vcig,lltill~,factc)l

W,, = di~~~{lt~d,ll~b} o]] {da, ~b}, and fllltllcII1lO1ccal)  assig]l  ~)rioriticsto t,llc Cliflcrcl]t  t a s k
mquilmlicl]ts by  sclec.tillg t}lc a,l)l)ro})riate  task wciglitillg factor Ml{ =  diay{W,,W  C}. ‘1’l]e

dosd-]ool) ol)til]]al dal]l~)cd-least sc]uams solution of (39) isg,ivcll by [15]

wl]cm A’ is tlIc positiol] f e e d b a c k  g,aill ~]]atrix  illt,mduccd to correct for  task-s })acc trajcctol’y
drift due t o  tllc lillcaliy,atioll cl]o]. 1“0) d ig i t a l  cxnltrol  illlI~lcI1lclltatic)li,  quatiol) ( 4 0 )  i s

discmtizd as



WI ICICI IN dc]]otcs (lIC saltll)lillg i~lstallt and At is  tile sall)})lillg  })miod.  ltquat;olt (4f~) is  tlscd

10 coll]ljute  O(AT + ]) give]]  {O(AT),  ~d(A) -1 ]), Xd(Ar),  ~(Ar)}.  Note t}lat ill t]]c  slwcial c a s e

W’llcll A’ = it = j, wllcm f is tllc sallll)lillg f]cquulcy,  cquatiwl (42)  sill~l)lifiw+ t o

O(IV + 1 ) = (I(AT) -1 [J7’W,J -I W,,]- ‘~ Y’W,[XC,(A~  -I 1  )  -  X ( A ’ ) ] (43)

‘J’llis  quatioll c.al~ l-w col~sidmccl  a s  tllc discretet,ilne vcrsiol) o f  (42)  wit]l K = O  and tllc
dcsid ~KXitioll ~d(A’) I’q)]ac.d by  tllc oci?la~ pOSitiOl)  X(Ar) to col’1’cct  for dl’ift.  NOti CC

(Jllat,  in l)racticc, tllc illvcrsiol}  o f  tllc ~)ositivc-ddillitc lnatrix [J2’Wi3 -1 WV]  i s  IIot IIdd,

and O(AT -I 1 ) call lN found using  tlIe Cldc.sky clccol]l~)c]sit,ioll.
II) SUII-IIIIaIy, LIIC  lmoccdurc for coordillatd co])trol of lX-ISC l]lobility  and an]] IIlallil)ulatioll

is as follows:
( i )  Augllle~lt l.)y COIUTIJII  tllc arl]l Jacol)ial] J ~ witl) tlIe L a s t  Jac.obia]l Jb to obtail~ tl)e o~’erall

mlatcs to tllc user-def ined additimlal task to k accoll]plisld  duc to killcvnat,  ic duTIdaTIcy.

[1

1~[
‘I’llis yiclcls  tl)callgI]lcl]tcclJa  col~iall J = .  .  .  . Note that tile additiolla] task Icads to extra

J,
I w’s ill tl]c Jacol~iall lnatrix, sillcc it cfldivc]y  illm!ascs tllc clilnclIsioll of tllc t a s k  sl)acc.
( i i i )  Slmify tllc cl)d-cflcctor  al]d  C.ollst,raillt  t a sk  wciF,lltil)g  f a c t o r s  lt~, z diag{ll~,, UI~C}, tl,c
al’111 and l)asc’ joil]t Vdocity  Wc’ightillg; faCtO1’s  W,, = diag{l~~d,  ~J’b}, and the ]KXiti  O1l fdhck

gai]l  k’,
(iv) lJsc tlI: C1OSCXI-1OO1J  cla]ll})c:cl-least- scl~lalcs al)l)roacll to fiIIcl tllc q)tirnal ar[ll and Lase

]lloti~]ls a s  ~ : [J7’]$’~C) + W,I]- 1J2’\’i7t[~d’1  h’(~d  -  ~)].
]+’or tl)c sake of illustratlioll, wc shall l]ow collsiclm a s~)atial  tllrcc-joi]ltd arl]l l]IoulItd  OII

a  OIIC 1)01’” ]nobi]c  ~)latforln,  as SI]OWII  i)] Figure 4 , ‘J’llis rcsmJlhlcs a  l’lJh4A robot (wit]lout

tl]c wr i s t ,  )  lnoulltcxl oll a rail to obtail)  b a s e  lnobilityo ld us dcllotc tllc waist joint l~y 0],
tllc sl)ouldcr  joint b y  02 , tllc cllmw joint by  0s, and let  04 q)rcscl)t  tllc })latfcmrl  II]ol)ility ill

t-dir  cctiol), treated as a IJrisltlatic joillto  l,d us first assul]lc that tllc robot l~ase is statiollaryl
i.e. 04 = O.  ‘J’ l ieu]  tile f o r w a r d  killclllatic t]lodd udatillg tl}c joi])t all?,lm O = (01, 02, 0:,)7’ to

tl]c til) Cartcsial) coodillatcs Y = (z, y, 2)1’ ill tllc Icferc!lcc world fralnc ale readily found

1’0 be

‘r..= ~cos d, [sill 02-1 sill(O~ -1 03)]
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?/ ~ (sill O,[sill o~ -{ sili(o~  -1 0:,)] (14)

.2: qc’os o~ -1 C’os(op -1 0:,)]  -1 }1

M’]ICI’C // iS t]IC s] IOll]d  CT hCi/?, ]lt tIII({  ~ iS t]Ic7  ](’]]/;  []] Of t]lc’ ll])]K’1”-:11’111  01 fol”(’al’111,  and iS SCt tO

llllity  for Sill] ])lic’it’y. ‘1’l]c  diffcrcl]tial killel)latic lllode] o f  tlIc rol)ot i s  P = JC(0)O, Jvllcrc  tllc

clcIIIcIIts of tlte 3x3 l~all(l  Jacwl~iall  II)atrix arc ol~tairlcxl  frolll ( 4 4 )  as

(45)

as
1: siIIO~= O -) OS ~ 0° ~1’JJl  fu]]y  cxtc]ldd

ell)ow  sillgularitjy OS ~ 180° arlll fully fc)lclcd

11: si]]02  -1 si]](02 -1 0s) = O - > x = y = O  IIalld  i s  straiF,llt almvc
S]l C) Ll]d C1’ Sill/;  U]ality tllc Sllouldcl’

N o t e  that tllc case 1 sil]gu]aritic!s corrcslmld to tllc ]Iallc] m] t}]c C)LItCI  (03 = (1°)  or  iIIIICT
(0s : 1  8 0 ° )  works~mce  Loulldary,  al)d  ill c a s e  1 1  tlJcI joil,t 0, dcm lJot affect (T, g, 2) c~f t)le
ltal]d allcl IIcu]c.c a joilit 1101(”  is illcffcctivc. ‘1’hc above results arc tllc classical singularities of

t]lc l’IJhl  A aIIIJ whic]l  am wdl-kllowll  a]ld  ale rqwatcd  ]ICIC for coIn])arisoIl wit,]l  t]Ie lnobi]c

])lat!foJ’111 Case.
N o w ,  l e t  u s  illtroclucc base IIlobility to tllc systmJl tl~rcmgll  tlJc ]mislllatic joint Oq. Sillcc

04 is alo])p, tllc x-axis, wc obtain

X = tCOS o~[SiJJ  02 ‘1 Sill (02 ‘t 03)] ‘[ Od (46)

but y and z ill cquatioll ( 4 4 )  arc IIot affcdcd. ‘lllIC ncw IIalld  Jacol.)iall ~, wil l  I]OIV hc a 3 x 4

lllatrix wit]l tllc foult]}  colu]n]l a s

(47)

l,ci us IIOW  Collsiclcw tl~c coc)dil~atccl cc)JItrol of i,lIe arlri alicl t}I12 lJlatfc)rlI1.  ‘1’lIC rot~cAic

sYstC1ll  jJ1 ]{’j F1llC 4 is k;ll C1llati Ca]]Y lC(]llllc]allt  s;llc~ ;I1fill;t,~ ~ollll);llat,;olls”  of jo;llt, Illot;olls

0’ = (01,02,03,04)7’ call ])MKIUCC  tl]c SiJIIJC til) t r a j e c t o r y  Y = (T, y, 2)7’. ‘1’l]is rdu]ldallcy  is



*

(/)(0)  = 1 8 0 ° - 1  OS (49)

c

‘,(0): :$: [ 0 , 0 , 1 , 0 ] (50)

]] N]cc, t]]c! 4 x 4  auglllelltd Jacobian IIlatrix rc]atil]g t]lc rate  of  c]]a]lge  of task varial)]cs to
tllc joint vc]ocitics IIas tlic fol]owillg stluctum

(51)

Notice that tllc tlacobiall ]Ilatrix J IIas a IJarticu]ar  s t ruc tu re ,  w i th  mm elcIIJcIIts  i]idicatiIlg
llIat sol IIC joint allglm llavc ]Io cfl’wt  011 cmtairl task varial)lcs. 111 order to CO IILI”OI  tllc t a s k

varial)lm (z, y, z, ~~) il)dc}wl]clcjltly, tl]c aug]ncllkxl  Jacobi  al) lnatrix J lllust bc IIoll-sillgular.
‘1’]Ic sil)glllayitjcs  of .7 arc found fro]]]

Note tl)at tl]c sill]~)licity of clct[J] is a coIIsequcIIce of tllc ~)articular s t r u c t u r e  o f  J .  lIIIOIII

(52), it is seem that J is si]]gular whcv,:
1: cosq = o - ) 0 1 : 90°,2700 - } T z 04

Last singularity

11: si1102 -1 sill(02  -1 03) = O - ) X:04, ZJ=0
slIouldcr singularity

‘lo  illvmtigatc tllcsc sillgularitics, wc study tllc aup;li~e]ltd Jacoljiall ~natrix i]l tllcwc si~lp;ular
collfiguratiolls. At the sill.gular co~lclitioll  1, tllc ti~) and tlw Last IIavc  tllc saTrIc ~-coc)rdi]latc,

i.e., tllc ti])-1.)asc  lillc is ]mlwlldiculat  to tllc x-axis . l]! this casq the fimt al~d fourt]l COIU]IIIIS

o f  J  I) CCOIIIC lnu]tiplcs of OI]C aliotl]cr;  II CHICC  01 and 04 I]avc  idu)tical illcrclnelltal eflccts o]]

tllc task v a r i a b l e s  {x, y, z, {~}. At tllc sillgulal collditio~l 11, tllc til) is right almv~ tllc base,
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alIcl iII t h i s  caw tlIC first  COlll  II III o f  J  lI(IcoI13es  z e r o ;  lIcllcc 01 lIas lIo illstalltallwus  efkct olI

alIy of tllc tiiSli varial~lm {2, y, 2, ~~} i]] this  co]]fi~,[]]:itio]l.”

III coll]lmriso]] with tlIC l)rrvious  case for  tlIc static)llaly-l)ase  rot)otj it is SWII  tliat tlIC Lase

]I]ol)ilil<y lIas  alleviated tl]e t’lljow’  si]lgularity (sill  0:, : ( ) ) ,  i . e . , tl]c allII is IIo 10 IIF,CI  siligular
w’llel] it is fully extm]cled or flllly f o l d e d . f low’ever a l]ew’ sil)gularit~  IIas Ijecl] i Ilt mdllccd
(coso~  I 0) W]ICII t]lc ti]) alId {]IC l)asc ]illc 11]); W’]lic]l  i s  Ilot a C]assica]  l’Uhfl A Sillg,ll]al’ity  a n d

is dllc to the additional  task varia Llc ~~. No te  that if tlIc ~)latforlrl  ~m+jtioll  04 is CI)OSC]I  as tl)c

additio~]a] task varial)]e illstcad of tlIc CII)OW  aIIglc  (), i.e., tile ~)lat, for]n

and co~]tro]]cd  dircct]y,  t]ICHI t]lc auglnclltcd JacoLia]] )CCOII]CS J =

ositioll is (olrlll]allded

:1
1CC :0

!(I
. . . . . . . . . :.. .

0 0 0 !1
aIId dct J : dct Jc; ]ICIICC  t]Ic l)llh4A c]assica] sillgu]aritics arc e]lcoulltcrd ill t h i s  c a s e .

Su])]msc  that wc s])ccify  dcsird lllotion  trajcdorics  for t)ic IIand  coordillatlcs a])d tlic! e l bow

al]g;lc as Xd(t) = [Td(t), yd(t), 2d(t), @~d(i)]7’.  ‘I’l ICVI tllc rquirul  joint IIlotiolls al~ oMailwd  ~)y
so]vil)g; tllc quatio~]

( ) (

id(f) - sin O] [si Il OZ -{ sill(U~ -1 0s)] cos 01 [cc,s OZ + cos(d~  -i 0s)]  c o s  01 cos(OZ  -1 OS) 1
jd(f) c o s  Ol[sill  OZ + sirl(U~  + 0s)] siIl  01 [CCX50Z + COS(OZ  -} 0s)] sin 01 c.cx(OZ + 03)  O
~d(i)  ‘ 0 -  sill  02- sir)(O~  -1 0s) - sitl(O:)  -1 (7s)  O

d)d(f) o 0 1 0

‘1’lic  closd-loo}) cla]Ill)ccl-least-sc]  l]alcs solution of (53) that ]l]i]lilI]izcx
(53)

(54)

(55)

at 04 = 1.0 ]ncter rdativc to a fixed w o r l d  fralllc; yicldillg  the initial IIalld  ])ositioll t~ z 2.866

lllCtC~, ~~ = O lllCtCT, Z; = 1.5 IllCtC1’ a~ld tllC initial CII)OW angle ~i = 150°.  l,ct tllc tarp;ct task-
sl)ac.c arln cmlfiguratioll  LC s]mcifid a s  Ij = 3.866 ]IIctcr, y~ = 0 . 5  ]I]dcr,  z~ n ?,?5 Itlder,
a n d  ~)j = 90° ill tile world frallle. ‘1’l]is concsl)oIIds  to tllc IIa]]d l[lotioll of  II); - ~jll = 1 . 3 5

IIlctcr ir) C a r t e s i a n  s p a c e  alld tile Clbow allglc c}lallgc  of ~~f - ~~~ = -  ~OO. Notice t,llat tllc

targd lialld ])ositioll i s ?101 at tainable without  Last  II)otioll, i.e., (x~, yj, zf) is outside tllc
ar]l]  works ~)acc WIICTI LIIC Lase is statio]lary  at 1. 0  ll~ctcr, Motion  trajcdcnicw arc s]m.ifid ill
task- s})acc as
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wl]crc 7 is tl]c duratiol) of IIlotioll. ‘1’l]csc  trajectcnies ljroducc a straig;llt-lillc IIiotiol]  ill

(;artcsiall S]~aCC fl’0111 (Tt, ?J~, 21) tO (Tj, y~, 2~), sillcc ~j-’~, = -Y-  “ =  ~~-z~i . ‘1’0 f i n d  OUt tll~Y! - Yt
required joint ~])otio~]s,  wc sul)stitutc tl]c desired task vclocitim

(57)

into  cquatiml ( 5 3 )  and il)tcgratc tl]c acquiml solutiml givcll Ly cquatioll (55). ‘1’l]e  Jacobial]
l)]atrix ill (53) is tl]c]l updated allcl tllc ])roccdurc!  is rcpcatcd.  III tjllis case study,  tl]c trajectory

duration  7 is 1 scxo]]d,  tl]c tilnc illcm]m)t /\f is 0.01 scc.o]ld,  tllc ~)c)sitioll  fcdl)ack  gain 1. is
set, tc) IO,  al]d  t]lc units of (x, y, 2, ~J) arc II)ctcrs  a]ld  radian,

‘J’wo colnj)uter silllulatiol]  s t u d i e s  arc ])crforlllcd  to illvcstigatc tlte e f f e c t s  o f  tllc l)asc

velocity  wcig;llti]lg  G and t}lc a d d i t i o n a l  task w’cigllti~]g @ o]] tllc syst,mn  perforll]alice,  wllrre

W,, = diay{O, O, O,o} and Wt z diag{l, 1 , 1 ,  ?}. N o t i c e  that, ill tl]c c o s t  functicn] ( 5 4 ) ,  tllc. . .
arlll joilltl  vc]ocitics  (01, 0 2 ,  03) am ?iof ]mlalizd and tlIc t a s k  vdocity e r r o r  wrciglltil~?;s  for
(x, y, 2) arc sd qua] to O]IC.
(:!ase 1 -  l’HTf2ct  o f  0: 11) t h i s  c.asc, WC sd ~ = 1  al]d  find tllc mquircd joil)l- II]otiolls for

tlllcc diffcmlt  values of tllc base  ve loc i ty  wcig;lltil)g  o = O, 1, 10. F’igums  5a-511 dc})ict  tjl]c
coli]l)utlcr sinlulatio~l rcsu]ts and ‘J’able 1 sullltllarizcs tllc steady-static values. It is sm]l that
w],~]) @ , 0, the configuration  variables  (x, y, z., qt) track LIIC dcsirccl trajrxtorics  and reach
tl)c target  values ill t = 1 sccoIId.l”or 0: 1  and o = 10, tllc task-s}  )ac.c trackil)g ]mforlnancc

is  dqyaclcd,  hut the  joints contilluc to ]novc a f t e r  t = 1 scxoIId  until tl)c t a r g e t  values arc

rcaclld ultJi I1latdy, IIowmwr,  clu(? to tllc ~wllalty iln]mscd 0]) tllc l.)asc II)otioll, tile I)ase  II IO\TeS

s lower and by a less ajnoultt ill tl]is case. Notic.c  that a IIigllcr va]uc for  a rcsu]ts ill lCSS base

lnotiol) but a ])oorer  ta.sk-s))acc tracking  }mforlrlal)c.c.
Case 2- l{;ffectj of o and /3: l]] this case, wc CIIOOSC  /3 a ful)ctioll of a so that as wc iln])osc
l)cllalty 011 tllc Las t  Inotioll, wc a l so  rdax tllc addit,ic)llal  t a sk  c.ollstrail~t, ‘J’l)is  su~)g,csts  tl}at

@ lnust bc all invmsc  function
II;quatiol)  (55) is l]ow solved fol

wit]]  tl)c corms])o))clil)g  elbow

o f  0, and hue wc  CIIOOSC  a silll])lc function as @ = 1 /(0 -1 1 ) .
tl]rcc diffcmlt va]ucs of tllc base vc]ocity wciglltil)g o = O, 1, 10
allglc wcigllting, ~ = 1, 0 .5 ,  0 ,091. ‘1’lle silnulatiol]  resul ts  arc
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4 mxperimcnta]  study
l]) this scctioll, wc dcscribc tl]c cx])crilllcl)tal v a l i d a t i o n  of t,lIc ~)ro])osd  a])]jmaclI to II]otioll

Colltm]  ofll~ol)ilcrc)ljots  as a])})liccl to a tracked robot. ‘1’l]C facility used for this ml)cril]lc])tal
study is tllc J]’ ] ,  l<cxnotc  Surfac.c  lllslwc.timl lmljoratory. ‘1’ltc l a b o r a t o r y  sctul) is s) Io\vII ill

l“igurc 7 and is coln])risd  of a llol.mtics llcscarcll Coqmratioll  1{1’207 scvcll 1101~ am1/col]trol

~lllit,  a \~hfllt-basd cllassiswitll iw’oh4(;68040 l)lc)ccssc)ll.)oarcis  and additiol]al illtcrfaccca~ds,
tw[~joyst,icks, a  lnotorizcd ~)latfollr]/cc)~ltlol llllit, and a  Silicon Gra])llics 1111 S wwrkstatioll.

‘I)c)(’llablc  ills} )cctfioll ofextcljclccls  lllfaces, tlic i’ 1)01( ’liltCarln wllicl]  carlicstllcilisl)cctioll
sc]lsors i s  II)oulltcx]  0 1 1  tlic 1  1)01”  lllol~i]c  ])]atforIil that CM]]  II IOVC back allcl fort]) a]ollp;  a

track illstalld m) tllc floor.

\41c first dcsc.ril)c tl~e ki]]clnatic. analysis  of  t,l]c syst,c]]] and tljml l)rcscltt t)l(! exj)cril]lc]ltal

results.

4.1 Kincmattic Analysis

11] c)lclcltc )silll]~lifytl lcallalysis, wcdisrcgad  tllc tl)lcc]l)il)ol”joillts” at tllc wrist and collsidm
tllc.f our ]najorjoillts o f  tllc llllC arln; ]Ia]l)cly  tlIc sl]ouldcr r o l l  and ])itcll joillts 01,02,  and

tllc e l b o w  r o l l  and pitc]i joints fl~,flq  as show))  ill F’igurc  8. ‘J’ilc  b a s e  ~)latforln It)otioll 011

tllct rack i s  alol]gtllc x-axis  oftllc world fralimalld istrcatd astl~c])ris)l)aticjoillt OS. l,ct
(I]c t a s k  v a r i a b l e s  o f  illtcrcst be tllc wrist (;artcsiaIl ccmrdillates {T, y,2} and tllc arlll  aliglc

7/’j, dcfillml  a s  t he  allglc lxtwccl] t he  ])lallc])assi]lg  tl]roq$l thcarln alld tllc v e r t i c a l  ])lallc
})assillg;  through  tllcsl)o~lldcr-  w]ist lillc. ‘J’hc  forward killell)atic I1)c)clel ]clatillg{  x,y,z, ~~}to
{0], 0 2,03,04,  0s} has km) foul,d to be [1{)]



illl(l fOI’(’~l’ll  I lC’Ilgtll  S al’C l~kCIl  to lJC unity of’l~ : 1;1’1” : 1  ) ,  all~l S1 : sill d;, Ci ~ ( ’ 0 S  01.

111 dcrilillg; cquatioli (58),  tllc sl]]all  o f f s e t s  at tl]e sllou]dcr and elbow joints o f  tl)c ar]II arc

ig]lorcd r e l a t i v e  to tllc liIik lolgtlls s o  tllal tl)e analysis  is [I]atllclllatically tract  aljle. JNote
t]lat w’lIeII there is 110 Cll)ow ro l l  II)otioll  (O:j : ( ) ) ,  wc’ ol)taill + = 0, i.e., tlIC arl II s tays ill tl}c
~’mtical  ))lam, (5S)  rdums to ( 4 4 ) ,  al]d  tl)e 1)1 JMA rol)ot ill S’mtioll  3 is retricvd.

Sillcc tlIc rol)ot systeln slIow’11 ill l“ig,urc  8 IIas f i v e  illdcl)cl]dcl)t joint clc~;lt’cs-c)f-f  [c(clc)]]l,

WIC call control  a]lotl]cr t a s k  va~iablc ill addi(ioll  t o  {x, y, z,@}. 1]] this study,  tllc additioj]a]

t a sk  variab]c  is CIIOSCII  as tlIC “e lbow angle” ~forlncd htwcwl) tlle~ll)l)el-all)] ,$’1; aIId tl)r

forcann  I’; W’, as ill Sdio~)  3. ‘J’IIccILow  allglc~~isdatd  Lotllcjoi]lt al]~les l)y

~)= 1 8 0 ° - 1 0 , (W)

and dctcrl])i]lcs tlic r e a c h  o f  tllc arln. 1~’ro]n triallg]c Wl~l’, wc c)btai]i

T = ,SW  z Wsill ~~/2 =  2siI]  ~/2 ((iO)

llc]Icc tlIe arl~] rcadl r is a siln])le s;lluso;dal  fulictioll of tllc clhow angle ~~, slid + call h usd
t o  Col]tro]  r dirmt]y.  ‘1’l]is Cquatioll call a l s o  LC obtaillcx] lJy  al)l)lyillg  tlIc cosine l a w  to tlIc

.S’IIW Lrjal]g;lc to obtaj]l r = [2 -{ 2c0sO~]’/2 wllicll can be rcdud t o  quatioll  ((i(l) using t,lIc

IIalf-allglc cosillc fcm]lula. Notim that tlIC arl])  aIlg;lc: ~~ and tlIC CII)OW  allg;le ~, rcl)rmmlt t w o
i?Idc~jc7/dcn/  collfigural,ioll l)aralnders for  LIIC arjn. ‘IIIIC  radius o f  tlIc circ]c travcmd  lJy t})c

e lbow wlIc II tllc arln is mecutillp;  a sdf-ll lotion (i. e., wrist ;s fixd) is a function  of tile clljow
allglc as 1;1” = / cos  ~~/2.  ‘I1}IC  variatio]l  of  tllc arln macl] ? as a  function  of  tl]c CII)OW allf,le
4) is  SIIOWII  ill l~igurc 9. It is SNVI tl)at WIICII ~) cllallges i]) tllc ra]lge {O,  1800},  7 varies frolll

O  to ?; wit]]  ?s = O  at () =  O  (arln fully foldd)  and 7 = 2 at ~J = 1 8 0 °  (arln fully cxtcIIIded).
l’kluatioIls ( 5 8 ) - ( 5 9 )  rc])rcscIIt  tllc auglllmltccl fcnwarcl  killm)latic  Inodcl o f  tlIC II]ol)ilc

robot Systm . ‘JIIIC  auglrlcvltd difli:relltial killcvnatic. IIIOCIC1  rdatillg tlic joirlt v e l o c i t i e s

{UI, ~z, ~s, U,i, ~s} to the rcsultill.g iask v a r i a b l e  vdocitim  {i, j, i, ~), ~)} is oljtai,lcd by  dif-
fcrcl)tiatiI)g; (58)-(59) as

A’=

i

Jll J12 J1:\ J14 : 1
i J21 J22 J23 .174 ! O
Y
ix O J32 Jx] J:,d : 0

0 J42 J43 J44 ~ O
. . . . . . . . . . . . . . . . . .

\ 0001;0

]Iecausc  ,of tl)c ~)articular structllm of tllc 5x5  augtI)cnltd  Jacobiarl  IIlatrix  J, tllc exl)rms;oll

f o r  dd[~]  sil~ll)lifim  cx)l)sidmably to

dct[J] : - J2 1  [J33J42 - J32J43] ((i2)

](J



au “ (?1)
: [-  s2s4 ‘1 ~2~3(1 ‘1 ~4)]~ C2S3S4  ; -< = -2)02 002

371 01)
>03 ‘ Cq2~3s4 ; ~03 ‘ ;: [- S2S3(1 -1 C4)]

Sul,stitutil]g  t,lImc Cx})rmsiolls  into (6Z) alId  sillll)lifyillg  tl]c result yidds  tllc sllrl)risillgly

siln])lr exln-cssicn]

‘1’llis analysis s]lows  tl}at tile al]ll-l)l~ls-l)latfc)rlll sysiu]l IIas t}]c followil)g sillgu)ar collfigura-

tiolls:
1 :  o~-x=o -) x=o~ w r i s t  a]ld  l)latforlIl l)ave Lllc sanle T-c.oordillatc

11: .$2 = o -> o~= 0 ° , 1 8 0 0 ul)pm-ar]n  i s  vcrtica]

111: 7’ = o - ) O’1= 180° arl[)  is fully fo]dd
III sillp;ular col]figuratioll  I  ( i .e . , x = 05) ,  thc first, and fifth co]u]n]ls of J am lnultil)lcs and

l]cllcc 0] and 05 have identical  cfl’ccts  on tllc task variahlm. III s ingular  collfiguratio])s 11 and

111 ( i .e . ,  .Sz = O and q = - 1), the Zx? sublnatrix
(?:?:)

of J bccoIncs ra]]k-dcficicllt,

4 . 2  I’;xperimcnta] ]ksults

Su])l)osc  that LIIC motio]l t rajectories X~(t) = [.T~(i),  y~(i), z~(i), ~~~(t), ~~~(t)]7’ arc s}wcifid for
(lIC task variables. ‘1’lIcD tllc. rcquirccl  joint Illotiolls call bc obtai]ld  by fillclil]g  tllc clod-loo])

clalrll)(~cl- least- sclllalt’s scdution of
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‘[
J~ 11 J~2 .l~:{ J,4 1

J21 J22 J2;, Jz<l O
0 J32 J33 J{\4 O
0 J<lz  J43 J44 O
0 0 () 1 ()

= JO ((i4 )

‘J’yl)ically,  tllc pitc]l al)~;lc 04 call vary ill tlIC raIIgc - 180°  < 04 < 0 °  and ]Ic!nc(’  11)(’  I“all/;C’

o f  variatioli  of tl]c dbow angle @ is 0 °  to 1 8 0 ° . ‘1’1]c2  IIlost  desirable!  dbow  al]glc is cj = 9 0 ° ,

w’l]icll  Corrcsl)ollds to tllc pitc]l allglc 04 ill Illicl-rallgc and cl Isurcw  that tl)c arlll i s  l}ot ill al)
ove r - s t r e t , chcd  ({~ w 1 800) or all Illlclcl-stlctcllccl (~~ % 0°)  col)figuration, ‘J’ltc  dbow  col]ditiol)
~> = 90° call a l s o  bc dcrivd fronl a]lotllcr ))oi]]t o f  vim’. 1’01 tllc r o b o t  arltl sl]owll  iII l~ig;urc

8, t]lc uI)Im’-arIn  ,$]~ aJId forcar]n ];W d e f i n e !  t]lc ann ))]allc  A . ‘1’l]c  rol~otj  call Lc vicivcd

a s  a two-link p]al]ar an]] w i t h  joint rotations 02 al)d  04 wllicll  ]novc tllc ar]n ill tllc l)lallc A,

‘1’lwanl)  l)lalwA ca~l mtatc. about  tl)csl)oulclcwrol]  axis byOl and about thcul)pcv-arll]  by

OS. WllcII  tl)crobot bascisstaticnlary  (0s = O ) ,  tl]c wrist attains mari?num  ?ll(l?lij~?llclhiliiy

Wllcvl  02 - 04 ~ (Jo”, wf]lj~ll is ~]IC ~]~ssic~]  l,w~c)-]il]k  ann result [18]. llCIl&! Cll Slll’illg that tll~

dbow angle + = 9 0 °  guaralltcms the o]~tilna]ity  of tlic wrist lnallil)ulal~ility ill tllc ar]lt l)lal)c
A  WIICII  05 = O .

llal'illg; cstal~lisllccl tllcclcsilal)ili tyc)ftllc]~= 900cc~11clitic)  lll)asccl olltll(:a  l~ovca1g,[llllcllts,
tllc.platfonl] call bc positicn)cd colltilluous]y  tc)at,taill tllctargd clbow allfjc  C#J.  900 W])i]c:

tllc w r i s t  i s  cwwutillg  tlIe spcxificc] IIlotic)ll. SillcetllcJ)latfc)llll lnotion isoftcv] considerably
slovm tllall tl~c ann lnovc]ncn)t, it i s  ])rcfcrrab]c noi t o  IIIOVC tllc ljlatfor]n  colltilluous]y.  ‘l’c)

tllisclld, instead of trackillgtl)ccc)llstlaillt ~~= 90° accurately,  we cal) ill)l)osc tllc illcqua]ity

collstrai I)t

90 °-6<(#) <900-16 (66)
w~lIcqc J is a user-slmc,ificd tolcra))cc or IIiargill. Wllcll tl]c cll)ow  all!;lc # is w’itllill  tile allowable

bounds,  tl]c t a sk  wcigl]ti~lg  factor for  # is sd to ZCIO, aIId ill t}lis  case base 11-tobility wil l  ]Iot
bc activatcci [ un l e s s  tllc targd wrist I)ositicJll i s  o the rwi se  ullattaillal)lc]. WIIclI  qi is outsiclc

tllcsc l~cm]lds, i,c. 4 >  9 0  ° - 1  4 (arln ovm-strctchd)  or ~~ < 90°- 6 (arln IIIlcleI-stletcllccl),
tlm t a sk  we igh t ing  for  #J cl}allges  sInoothly  to OIIC as SIIOWII  ill Fig;um  10 fiIIcl  tllc ~)latforln is
IIIc)vccl autolnatical]y to  rmtom tllc opti]lla] cc)l]figuratic)l]  ~~ = 9 0 ° ,  wit}lout ])crturl)i]]pj  tlIc

wrist ]mitio]]. ‘1’hus  tl]c autol])atic lnotioIl o f  tlIc hasc ))latforII]  l)rcwc]]ts  urldesirab]c  ovcr-
strdcl]cd  or Illlclcr-strctcllccl arln collflguratiol~s,  wllilc cllal>lillg tlie wrist t o  reach })ositiol]s

in the worksl)acc t h a t  WOUICI  otlimwisc IN. u~lattaillablc.
N o w  ld (x, y, z) rcprcsmt  tl)c c.oc)rclillatcs  of tllc wris t  a]ld  05 LC t,}lc z-coorclillai,c  of t}lc

l)asc. ‘1’l]c  slloulcicr-wrist  clista~lcc  ,$11~ i s  given ljy
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,$11’ 2 : 7“2 = 4 si112 (#)/2  : (.1’ - L+)2 -[ //2 -1 (2 - h)? ((i?)

WJIICrC 202 = 4 si112 j/’2 - y2 - (,2 - }/)2. IIkluatiol)  (68) g i v e s  tww solutiol]s  for  t)le l)latforlll
})ositioll  05, givul t}lc dcsird elbow allglc ~. ‘J’llcse solutiolis  arc sylnmctrical  al)out tl]c lilie

ljcll)c’llcliclllzi]  fmln 11~ onto t,lle x-axis. IIccausc  of tl]e slow cc)llll[lllllicatic)]l  rate with tllc l)lat-
forlll colltml ul]it, tl)c allll-]Jllls-lJlatfolltl  cnltrol  systmll is IIot illll)lclll(llltc’cl  as  all il~tcgratd

5 1)01’1 Systcvll. lnstcad, a  “ 4  -1 1 ”  l)OIJ al)])roacll i s  adoptcx]  wllcreby Illotiol] co~]llnallds
for tllc p l a t f o r m  p o s i t i o n  OS am coIl]l)utcd  Lascd 011 tllc ar]]] collfiguratio]j  {01 . ..04} l]si]lg

a stall cl-alone s o f t w a r e ,  and arc co]n]nu]licatcd  tl]rougl] a scria] l)ort to tl]c ])latforln control
ui)it for  Cwec.utio]l.

\47c shall ]Iow l)rcmcllt  tllc ex}wrill~ultal results on real-t i l l lc  control  of tl]c ltlobilc lj)alli])-

ulator systcln. ‘1’lic l)url)osc of  tllc Cx]millmlt is to dc]llol~stratc  now  b a s e  IIlobility call be
usd tc) a])l)ropriatcly  ]Jlovc  tl]c arln ill o r d e r  to reach a  t a rge t  wrist,  ]msitio]l. II I  tl]is cxjlcr-

i]]]cllt, tlIC IISCI  IIas spmificcl  tlIc:  t a s k  wcig}ltil]g;s  Wf o f  1  and fdl~ack  gains K  o f  1  for tllv

w r i s t  iIIId  arln  a]lglc  coIItrol tasks,  joil]t,  vclorit,y  wcigl)tillgs W,, o f  0.005, and clt)o~v a~lglc
IIlargill d = 3 0 ° . St,artillg frcjm t]lc initial wr i s t  l)ositiol] of 2 = - 3. f+)l’57n,  y = - 0.6?4nl,  and

2 = 1 .? OO?n,  and tl)e init ial  ar]]] al]glc ~) =  4 5 ° , tllc wrist is Coll)lr)allclcd  to ~]lovc to tllc filial
imsitiol] of ~ = - 3.$)zS7n,  y  = -  0.6?477?, and 2  =  0.[iO077~  in 35 sccollds }$’llilc @ rcll]aills
cmlstallt. Note tl~a.t tl)c iargd wrist posit,iol)  is bcyoIId tile rcac]l of  tllc arln if l)asc lllol~ility

i s  no{ activatd. ‘1’lIc  elbow allglc c.c)]ltrol is sdcctcd as tl]c fift}l t a s k .  l~igure 1 1  SIIOWS  t,llc
Cx}mi]l)clltal rcsu]ts for tl]c syslmn. ‘1’llc ~)lot snows that WIIC]I  tlie elbow a)lgle excds 1200,
tlIC l)latforjn  starts to ]I1OVC alld bril)gs tllc elbow al]glc back to  approxil]latdy  9 0 ° .  N o t i c e
tha t  sil]cc tl)c wris t  vc]ocity is grcatm tllall tllc base  ve loc i ty ,  tlic CI1)OWT allglc CXMXXIS  tllc

use r - s l ) cc i f i cd  rallgq 60° -< q’) < 120° II]c)ll)cl)tlalily  until tl]c base lnobility has sufricimlt tillle

to coln~mlsatc for t,llc wrist )notiol). ‘1’llus, tllc base lnobility of tl)c a]lll is used M’cctively to
l~revm~t tllc arm fro~n rcac})illg;  its works]  )ac.c bou]ldary.

5 Conclusions

Coodillation of b a s e  lnobilitjy and ar]n lnallipulatiol) i]] a Inobilc roljot systm]] is  msultia]
for successful cxccutioll of tasks. Usil)g tl]c collfig;uratiol) control  forlrialislll,  a  silll])le oli-
lillc a~)proacll  i s  l)roposccl  ill wllic.11 tllc lnobility and lnal[il)ulatiol)  (Icglccs-of-flcc:clc)l]l  bot]l
colltril~ut,c to tllc C]lcl-cffector  t a s k  atld tile uscv-s]vxificd Idu]ldallcy  rcsolutiml  g o a l ,  wlli]c
s a t i s f y i n g  tl)c Iloll-l)olollomic  Last constraint (if a~)l]licablc). ‘1’l]is for]llulatio)~ l)uts II]ol>i]ity

al)d  lllalli])ulatiol] 011 the salnc footing;,  a]ld  t r ea t s  tl]clll cqual]y  within a co~nl)lo]l  fra~ncwork.
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‘1’l]c  key adva]]tagcs  of  tl]c ])rcscllt a])]) roacl)  olrcl tl]c ])mvious scl)clllcs are i ts  flcxil)ilitj’,
si)l)])]icity,  al]d  coll)])utatiol)al  efliciel]cy. ‘1’l]c dl)ili(y 10 clIaI]gc  tllc task s})ccificatiolls a]td  tllc

t a s k  Ivciglltillg f a c t o r s  o?l-li?lc I)asd o]} (lie user rcquircll)cvlts ))mvidcs a flcxihlc frarnelvork
f o r  II)ol)ilc  rol)ot coIItml. l’l]ltllcI]]IoIc, ill mltrast to SO]]]C of tltc ])rmious  a])]) roachcs  wl)icll
a r c  suital)le for Ofr-lille  lnotiol) ])lalillill!,, tllc sil))l)licity o f  tllc ])rcsolt al)j)roacll l e a d s  to

cc)l]ll)lltatio]~al  ef[ic.icv)cy  wllicl]  is csscllt ial for  oll-lil)c co] Itrol  ill real -tilnc  illl])lclilc’]ltatic)lls.

6 A  ck~owledgm(mi,

‘1’lle rcscarc.}) dcscribml ill this ])a])cr  w a s  c a r r i e d  out- at LIIC Jet l’rol)ulsiol) ],al.)oratory,  (;al-

iforllia ]Ilstitutc of ‘1’d]JIolog;y ,  u]ldcr collt,lact w i t h  LIIC hTatioIlal  Acrol)autics and Sl)acc
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}1( = {(lct[JcJ;’]} ’/2 : {( I(OOJ:” -1 JbJ;’]}  ’/2 ((i9)

}Vllc]l tllc arlrl i s  in a IIoll-sillgular cc)l)fig,lllatic)ll, JO is of ful l  rank and Jaj~’ is a ])ositil’e-

ddinit, c )natrix.  llcl Icc, quatio])  ((i9) ca~l l~c writtcll a s

dc!t[J(  J:’] = dd[J.J;’] . (Ict[l -i (JQJ:’)- ] JLJ;’] (70)

IJct u s  lIOW C’X])rms JaJ~’ and JbJ~’ as tlIC IJIoducts

dct[] -I  (JO Jf’)- 1 (J6Jf’)] = dd[l -I  ,S- ] 6’,S]

dd[l -1 C ]
711

= ~J(l-l  0,)
i. 1

(71)

w’l Icrc a~(~ 0)  am tllc cigmlvalucs of C. ‘1’IIus froln cquatim~s  ((i9) and ( 7 1 ) ,  wcltavc

/if z ~1~[11(1 ‘1 0;)]] /2=  ~~~+ O (72)

wi l e . r c  o is ~msitivc al)d  l)cllc.c pe > pa.

Wllcui  tllc arm i s  ill a  sil~g;ula} c.m~fig;uratioll, Ja i s  rallk-dcfic.imlt and llm]cc JaJ~’  i s  a

]Jositivesc  llli-clcfilltclll atrix. 11) this c.asc,  if tllc Las t  isin a IIoll-sillgular co]lfig;uratioll, i . e . ,

Jb i s  o f  full rank,  tllc above  analysis call k rqw.atd  witl) JO rq)lacd  by Jb t o  SIJOW that

/{C >IIQ. ]]owcvcl`,  ift])chasc  isa]soiIl asitlg,~llalc  c)llfigLlratiol~,  J~. ]/'is],ositi~~cs  cIlli-c]cfi1lite
and tl]c’ e]ld-cffcctor Inallipulahility  illdm pe l[]ay  bc zero, that is ,  ~{< > pd(= O ) .
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Figure 2. Inltlal and final conflguratlona in the simulation study (not drawn to scale)
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Table 1. Effect of a on steady-state performance with ~ = 1
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Table 2. Effect of a and ~ on steady-state performance
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